Extreme statistics describe the distribution of rare events that can dene the timescales of transduction within cellular microdomains. We combine biophysical modeling and analysis of live-cell calcium imaging to explain the fast calcium transient in spines. We show that in the presence of a spine apparatus (SA), which is an extension of the smooth endoplasmic reticulum (ER), calcium transients during synaptic inputs rely on rare and extreme calcium ion trajectories. Using numerical simulations, we predicted the asymmetrical distributions of Ryanodine receptors and SERCA pumps that we conrmed experimentally. When calcium ions are released in the spine head, the fastest ions arriving at the base determine the transient timescale through a calcium-induced calcium release mechanism. In general,the fastest particles arriving at a small target are likely to be a generic mechanism that determines the timescale of molecular transduction in cellular neuroscience.
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Signicance statement: Intrigued by fast calcium transients of few milliseconds in dendritic spines, we investigated its underlying biophysical mechanism. We show here that it is generated by the diusion of the fastest calcium ions when the spine contains a Spine Apparatus, an extension of the endoplasmic reticulum. This timescale is modulated by the initial number of released calcium ions and the asymmetric distribution of its associated calcium release associated Ryanodyne receptors, present only at the base of a spine. This 1 novel mechanism of calcium signaling that we have unraveled here is driven by the fastest particles. To conclude, the rate of arrival of the fastest particles (ions) to a small target receptor denes the timescale of activation instead of the classical forward rate of chemical reactions introduced by von Smoluchowski in 1916. Applying this new rate theory to transduction should rene our understanding of the biophysical mechanisms underlying molecular signaling.
Introduction
Extreme statistics describes the distribution of rare events such as the rst ions to nd a small target [1, 2] . It is in general dicult to detect rare events, precisely because there are rare. However, indirect signatures can be derived from their statistical properties. We examine here the role of rare events associated to calcium dynamics in dendritic spines, that are local microdomains located on the dendrite of neuronal cells. Spines can form synaptic connections and transmit neural activity [3, 4] . We shall describe specically here how the fastest calcium ions dene the time scale of calcium transduction from one part to the other part of a spine. The regulation of this fast events has many consequences in the induction of plastic changes: calcium increase can be restricted to the spine head isolated from the dendrite, enabling the induction of local synapse-specic calcium-dependent plasticity leading to AMPA receptor accumulations [5, 6] . A fast and large amount of calcium is necessary to induce ATP production from mitochondria to supply the energy required to maintain homeostasis [79] .
Spines are characterized by the diversity of their shapes, sizes, and the presence or absence of dierent structural components and organelles such as an endoplasmic reticulum. During synaptic plasticity, spine morphology [1012] can change, leading to an increase/decrease of the head size [13] or an elongation/retraction of their neck. Neck elongation can further lead to electrical and biochemical isolation from their parent dendrites [1420] . Spines can contain a smooth endoplasmic reticulum (ER), fragmented in a compartment called the spine apparatus (SA), that can regulate calcium ions by storing or releasing them [21, 22] and modulate synaptic inputs [23, 24] . The SA is monitored by the actin-associated protein synaptopodin (SP) that can modulate calcium kinetics [2527] .
After calcium ions enter into dendritic spines, they can bind to endogeneous buers, get extruded by pumps into the extracellular medium or be pumped into the SA by the sarco/endoplasmic reticulum calcium-ATPase pumps (SERCA3). Calcium ions can also induce calcium release from internal SA stores through the ryanodine receptors (RyR) [22, 28] . However, the specic calcium regulation by SA remains unclear due to the fast dynamics and the spine's nanometer-scale organization. We recall that the time scale of calcium transient during long-term plasticity [29] is of the order of hundreds of milliseconds [3, 30] but not faster.
We show here that the mechanism involved in fast calcium transient (faster than tens of milliseconds) relies on the extreme statistics of the fastest ions. For that purpose, we develop a computational model for calcium ion dynamics and use stochastic simulations to interpret uncaging and uorescent imaging. To simulate calcium dynamics in synapses and dendritic spines, the two possible approaches are: deterministic reaction-diusion equations [31, 32] or stochastic modeling [15, 3337] that we use here. With this approach, we propose a new interpretation of fast calcium transients. Indeed, after calcium ions are released inside the spine head using ash photolysis of caged calcium, the concentration increase at the dendrite is faster in spines containing a SA compared to those where it is absent. This is a paradox as the SA should obstruct the passage from the spine head to the dendrite and prevent calcium ions from diusing. To address this paradox, we use stochastic simulations to show that after calcium released in the spine head, the fastest ions arriving at the base determine the timescale of calcium transient. Furthermore, we nd that the distribution of arrival times of the fastest ions depends on the initial number of calcium ions, which is a signature of extreme statistics and rare events. Finally, we suggest that molecular activation initiated by the fastest particles is a generic mechanism in molecular transduction that denes the timescale of biochemical activation in nanoand micro-domains, when the source of diusing particles and the binding targets are spatially separated.
Methods

Stochastic simulations of calcium ions in a dendritic spine
We model a dendritic spine with a spherical head connected to a narrow, cylindrical neck [35] (Fig. 1A) . The SA is also modeled with a similar geometry with a neck and a head positioned inside the spine (Fig. 2G ). Calcium ions are described as Brownian particles following the Smoluchowski limit of the Langevin equationẊ = √ 2Dẇ, where w is the Wiener white noise. This motion of particles is simulated using the Euler's scheme. Ions can diuse inside the cytoplasm, and they are reected at the surfaces of the spine and the SA (Snell-Descartes reection).
To replicate the uncaging experiments, we use either the center of the ball or the base of the cylindrical neck as the initial positions of particles. Ions arriving at the dendritic shaft located at the base are considered to be lost and do not return to the spine during the timescale of the simulations (absorbing boundary). The inner surface of the spine head contains 50 absorbing circular disks with a 10nm radius, which models calcium pumps.
Ryanodine receptors
RyRs are activated upon the arrival of the rst two ions [38] to a small absorbing disk of size a RyR = 10nm (see SI for further descriptions). We positioned n R = 36 receptors for the simulations organized in four rings in the SA neck, each containing six receptors.
The other 12 are located on the SA component parallel to the dendritic shaft (see gure legends). After a receptor opens, it releases instantaneously a xed number of calcium ions n Ca , which are positioned at the center of the receptors. Following this release, the RyR enters into a refractory period that lasts 3 to 6ms, during which it is modeled as a reective boundary. In Fig 4B, we nd that calcium ions should be released with a delay of 0.25ms after the arrival of a second ion to the RyR binding site.
SERCA pumps
We positioned 36 SERCA pumps uniformly distributed on the upper hemisphere of the spine head. They are modeled as absorbing disks of size a SERCA = 10nm. When a calcium ion arrives to the disk, it is bound indenitely. If a second ion arrives, both are absorbed immediately and the transporter is frozen in an inactive state.
Mean rst passage time of ions to the base of a spine For a Brownian particle released in the spine head, the mean arrival time to the base of a spine has been computed asymptotically [37] 
where D is the diusion coecient, a, R and L are the spine neck radius, head radius and the total length of the neck respectively. We refer to Table 1 (SI) for the parameter values, from which we estimatedτ ≈ 120ms.
Experimental procedure
Cultured hippocampal neurons were transfected with DsRed and loaded with NP-EGTA AM (caged calcium buer) after which several specic cells were microinjected with Fluo-4 calcium sensor. UV laser was directed to either spine heads or the basal dendritic shafts.
Following the ashes of ND-YAG UV laser (4 ns, 330 nm) focused into a region of about 0.5 µm in diameter, the released calcium signals could be detected and line-scanned using confocal microscope at the rate of 0.7 ms/line. Other sources of calcium uctuations were blocked using TTX (1 µM ), DNQX (10 µM ) and APV (20 µM ). Following the experiment, cultures were xed in 4% paraformaldehyde and immuno-stained for synaptopodin (green staining). The same cell regions, containing recorded spines, were identied and imaged.
Results
Fast calcium transient in spines with and without a SA cannot be due to classical diusion
To investigate the role of the SA, we rst released calcium following the ashes of ND-YAG UV laser to uncage calcium in dendritic spines from hippocampal neurons (Fig. 1A) .
After the experiment, the cultures were xed using 4% paraformaldehyde and immunostained for SP to identify spines containing SA (see Material and Methods). Some spines (about 25%) of total mushroom spines contained synaptopodin puncta (SP +) while in the others (SP -) clear puncta could not be seen. Note that medium spines (of about 1-1.5 µm in length) are studied. The transient uorescence signal reveals the inuence of the SA on calcium dynamics as shown in Fig. 1B -C. The calcium decay time in the head is well approximated by a single exponential [37] with a time constant τ = 5.28ms in SP + compared to τ = 6.97ms for SP −, showing that the SA does not inuence the extrusion rate from the spine head, probably because its obstruction is not completely occluding the passage from the head through the head-neck junction. However, the elevation of calcium at the base was much dierent, leading to high and very fast elevation in the case of SP+, a phenomena that is the focus on the present study. Finally, uncaging at the base of the spine leads to the same response in the head for SP+ and SP-, suggesting that the privileged calcium response occurs only in the head-neck direction when a SA is present.
To further analyse the calcium transient, we use stochastic simulations, where ions are treated as Brownian particles (Material and Methods) and released at the center of the spine head ( Fig. 1D-E) . Using a single exponential approximation, we obtain a decay time in the head τ = 6.3ms. To conclude, fast calcium transient of less than 20ms in spines with no SP is well reproduced by stochastic simulations, but the calcium increase at the dendrite base for spines with a SA is much faster than the mean arrival time of calcium ions. This eect is surprising because it occurs despite the serious SA obstruction that should prevent calcium ions from passing easily through the neck. We shall now investigate the mechanism for this fast increase.
The fast calcium transient is generated by calcium-induced calcium released and the asymmetric distribution of RyR on the SA To clarify how the SA could aect the calcium transient, we rst studied the distributions of SERCA3 and RyRs located on dendritic spines containing a synaptopodin puncta revealed by immunostaining Fig. 2A -D. We found that SERCA pumps are present in SP + spines and are located predominantly above the SA inside the spine head ( Fig. 2A-C ). This is in contract with the distribution of the RyRs, present in the SP + and mostly located below the SA at the base of the spine neck ( Fig. 2D-F) .
To study the consequences of these SERCA and RyR distributions on calcium transients, we run stochastic simulations similar to the ones we used in Extreme statistic for the fastest ions as a mechanism for activating Ryanodine receptors during calcium transients
To clarify the fast calcium transient observed at the base of a spine, we studied using modeling and simulations the dynamics of RyR opening when ions are released inside the head (Fig. 3A) . In this stochastic model, a RyR opens when two ions are bound ( Fig.   3B ) (also Material and Methods) and releases calcium ions from SA to the cytoplasm Fig.   3B . Stochastic simulations reveal that in the presence of RyRs, the calcium released in the spine head induces a calcium increase at the base within the rst 5ms (Fig. 3C ). This eect is modulated with the distribution of SERCA pumps, but was clearly due to the presence of RyRs. This result conrms the role of RyRs in generating the fast calcium transient at the base of a spine.
To assess the timescale of RyR activation, we constructed histograms of the rst time τ (2) to activate RyRs by the binding of two successive calcium ions and the distribution is shown in Fig. 3D . Interestingly, the distribution depends on the initial released calcium concentration. We computed numerically from the histogram the mean opening times which is 3.4ms (resp 2.1ms) when 1000 (resp. 500) ions are released. These times are much faster than the mean time for an ion to arrive at the base of a spine in the order of 120ms (equation 1). We can now understand that this fast ion arrival is located in the tail of statistical distribution, which therefore selects the fastest among many Brownian particles.
General theory of extreme statistics for Brownian calcium ions in a cellular microdomain
To further validate the results of stochastic simulations described in the previous section, we computed from the distribution of arrival time for N independent Brownian trajectories (ions) at a small binding site inside a bounded domain Ω. This time is dened by τ 1 = min(t 1 , . . . , t N ) , where t i are the arrival times of the N ions. The arrival probability can be computed when the boundary ∂Ω contains N R binding sites ∂Ω i ⊂ ∂Ω so that the total absorbing boundary is ∂Ω a =
∂Ω i , and the reecting part is ∂Ω r = ∂Ω − ∂Ω a .
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The probability density function of a Brownian motion is the solution of
The survival probability, which is the probability that an ion is still not absorbed at time t is given by
so that Pr{τ
∂p(x,t) ∂n dS x . Putting all the above formula together, we obtain that the pdf for the rst particle to arrive is
and the arrival time τ (2) for the second ion, which modeled the activation of a Ryr, is that of the minimum of the shortest arrival time in the ensemble of N − 1 trajectories after the rst one has arrived and is given by
We plotted in Fig. 3D the solution of equation 5 where the distribution of arrival time for the rst ion Pr{τ 1 = s} also accounts for the return of the ion located in the neck back to the head (see SI for the complete derivation). We nd that the analytical solution superimposes with the stochastic simulations, conrming the consistency of the stochastic simulations and the theory of the extreme statistics. To conclude, this analytical approach further conrms the role of the fastest ions in setting the timescale of calcium-induced calcium released by RyR activation. We observe that the typical shortest path is very close to the shortest geodesic going from the initial position to the RyRs, which is much dierent compared to the paths associated with the mean arrival time.
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Long-time dynamics of calcium induced calcium-release
To further conrm the role of the fastest ions in triggering calcium release, we generated much longer simulations over 600ms (Fig. 3E-H ). In the absence of an SA, we simulate the ux of ions arriving at the dendrite, showing an exponential decay of τ = 120ms (Fig. 3E) , indeed in agreement with equation 1. We note that here there are no extrusion mechanisms such as calcium pumps. To evaluate the impact of the SA, we simulated a single release event of calcium ions, following RyR activation (5 ions are released per receptors) Fig. 3F . This release is local and aects only the global decay during the rst few milliseconds (insets).
When RyRs are releasing a minimum number of 2 calcium ions with a refractory period of 6ms, after a fast transient regime, the ensemble of RyR self-entertains (Fig. 3G) .
Indeed, when the SA contains a suciently large amount of calcium, the locally released calcium binds to RyR that opens, but the ions disappearing at the base of the spine are not sucient to prevent this positive feedback loop between calcium and RyRs.
Finally, to account for a local SA calcium depletion, we simulated calcium release when it decreases in time starting from 8 ions with an exponential decay time of 360ms. After 600ms, the transient regime disappears (Fig. 3H ).
To conclude, the two fastest ions arriving at a single RyR trigger the release of calcium from SA that induces a local calcium release. The timescale of activation depends on the initial number of released calcium ions in the head, which is the signature of an extreme statistics mechanism. This avalanche mechanism is responsible for the fast and large calcium increase at the base of the spine, when ions are diusing from the head.
Thus a release of local calcium ions from RyRs amplify the calcium signal. Furthermore, the calcium transient termination can be attributed to the local SA depletion over a few hundred milliseconds.
Asymmetric calcium dynamics between spine and dendrite
To investigate the consequences of RyR distribution on calcium transients, we replicate the experimental protocol described in Fig. 1B -C with numerical simulations. We run simulations using the numerical scheme as the one described in Fig. 1D , with SERCA pumps located on head of the SA, while calcium ions are released at the base of the spine (red star in Fig. 4A ). We tested two RyR distributions: (1) (Fig. 1B-C) , the present stochastic simulations agree with the immunostaining results of Fig. 2F , suggesting that there should be no RyRs in the spine head. We thus conclude that the asymmetric distributions of the RyRs contribute to the asymmetry of calcium transmission.
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At this stage, we could not access to the calcium dynamics in the ER. However, it could have a drastic consequence on the calcium transient, as shown in Fig. 3E -H. We thus decided to use the transient uorescence signal (Fig. 1B red curve) to recover the local SA depletion at a timescale of 20ms following calcium release. Releasing consecutively 8, 7 and then 6 ions per RyR with a refractory period of 3ms between each release, we could recover the transient kinetics observed experimentally (Fig. 4B red) .
We also found here that calcium release from the RyRs is delayed by 0.25ms following the binding of two calcium ions. These results give us an indication of the SA depletion timescale, which is at a few tens of milliseconds. Putting the present results together, we nd that the SA plays the role of a diode, amplifying ions from the head to the dendrite, but not in the opposite direction (Fig. 4C) .
Discussion
In the present study, we investigated how SA inuences calcium transient inside dendritic spines. We found that calcium increases at the dendrite following uncaging in the head occurs in a few millisecond timescale. As shown here, this property can be explained The timescale generated by the fastest particle or ions is generic and can occur in many molecular transduction pathways where there is a separation between the initial source and a second step that consists of amplifying the signal. This is the case for second 9 messengers such as IP3 [42] , G-protein coupled receptors [43] or modulation of the inner hair cell voltage by calcium-induced calcium release [44] . This time scale is very dierent from the Narrow Escape Time [37] phenomena, where the timescale depends on the volume of the domain. We conclude that the statistics of the fastest particle compensates for long distances and the key modulating parameter is the number of initial ions.
Consequences of amplifying calcium concentration at the base of a dendritic spine
What could be the role of calcium signal amplication induced by SA release at the base of a dendritic spine and not in the head? The asymmetry of RyR localization is a key feature in this dierence, leaving the head compartment separated from the rest of the dendrite.
Amplifying calcium at the base could favor receptor tracking by inuencing the delivery of AMPA receptor to dendritic spines. Successive calcium accumulative events leading to SA relling could trigger a massive release, while a depleted SA would only lead to a small release, suggesting an integrating role of the SA. Experimental evidences [45] further suggest that gating of the RyR is also modulated by the luminal calcium concentration uctuations while the release can diminish when calcium is bound to buers such as calsequestrin [46] . Another consequence of amplifying locally the calcium concentration at the ER is to trigger the production of ATP from nearby mitochondria [8] . Indeed, inducing ATP production requires that the calcium concentration reaches a threshold of 10µM .
We studied here a timescale of few to 20 milliseconds. For longer durations, other mechanisms such as secondary messenger involving IP3 receptors [42] or the ORAI1 pathways [47] involved in SA replenishment can contribute to calcium concentration regulation. Future models should also incorporate the cycle of SA calcium, depletion using the ORAI1 pathways and the calcium uptake at the base of the spine by mitochondria [48] .
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